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Abstract. The Sun is unique amongst stars in having a precisely determined age which does
not depend on the modelling of stellar evolution. Furthermore, other global properties of the Sun
are known to much higher accuracy than for any other star. Also, helioseismology has provided
detailed determination of the solar internal structure and rotation. As a result, the Sun plays a
central role in the development and test of stellar modelling. Here I discuss solar modelling and
its application to tests of asteroseismic techniques for stellar age determination.
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1. Introduction
Determining the age of a star from its observed properties requires a model describing
how those properties change as the star evolves. Amongst the many properties discussed
in this volume, those relevant to using the Sun as a calibrator depend on the changes
in the internal structure of the star caused by evolution. Specifically, the change in the
composition as hydrogen is fused to helium (with the additional effects of diffusion and
settling) changes the internal structure and hence the observable properties. Evidently,
both the details of the composition change, and the response of the structure and the
observables, depend on the modelling of stellar interiors, and hence the age determination
is sensitive to uncertainties in the modelling. The Sun provides a unique possibility for
quantifying these uncertainties and attempting to reduce them.
In the present case the Sun has several major advantages: it is the only star for which
the age can be inferred in a manner that is essentially independent of stellar modelling,
through the radioactive dating of the solar system. Also, its proximity means that its
mass, radius and luminosity are known to high accuracy. Finally, as a result of this
proximity, helioseismology based on a broad range of modes has allowed inferences to
be made of the detailed internal structure (and rotation) of the Sun. This allows a
refined test of the modelling of stellar evolution. In addition, by applying techniques
for age determination, based on stellar modelling, to the Sun we can test and possibly
improve them. This, in particular, applies to the use of asteroseismic analyses for age
determination; as discussed by Lebreton & Montalba´n (this volume) these promise to be
far more precise than other techniques based on the evolution of stellar structure.
2. Solar modelling
A summary of solar modelling and the helioseismic investigations of the Sun was
given, for example, by Christensen-Dalsgaard (2002). Bahcall et al. (2006) made a de-
tailed analysis of the sensitivity of the models to the choice of input parameters and
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physics. The solar models used here largely correspond to the so-called Model S of
Christensen-Dalsgaard et al. (1996), although with some updates.
The mass of the Sun is known from planetary motion, with an accuracy limited by
the accuracy of the determination of the gravitational constant G. For the modelling
presented here I use G = 6.67232 × 10−8 in cgs units, and hence the solar mass is
M⊙ = 1.989× 10
33 g. The solar radius R⊙ is obtained from the solar angular diameter
and the distance to the Sun; the radius should be defined in a manner that can be related
precisely to the model, e.g., as the distance from the centre to the photosphere, defined
by the location where the temperature is equal to the effective temperature. A commonly
used value is R⊙ = 6.9599×10
10 cm (Auwers 1891), and this value is used here. However,
I note that Brown & Christensen-Dalsgaard (1998) obtained the value 6.9551× 1010 cm
which is probably more accurate. The solar luminosity L⊙ is obtained from the solar
constant, i.e., solar flux at the Earth, and the distance to the Sun; this assumes that
the solar flux does not depend on latitude, a probably reasonable assumption although
one that has never been verified; I use the value L⊙ = 3.846 × 10
33 erg s−1 (see also
Fro¨hlich & Lean 2004).
The solar photospheric composition can be determined from spectral analysis. An im-
portant exception is the abundance of helium: the helium lines that led to the detection of
helium in the Sun (and hence the name of the element) are formed in the chromosphere,
under conditions such that the abundance determination is quite inaccurate. The abun-
dances of other noble gases, amongst which neon is a relatively important constituent of
the solar atmosphere, are similarly inaccurate. Thus only relative abundances, commonly
defined relative to hydrogen, can be determined. In solar modelling this is typically char-
acterized by the ratio Zs/Xs of the surface abundances by mass Zs of elements heavier
than helium and Xs of hydrogen. A commonly used value has been Zs/Xs = 0.0245
(Grevesse & Noels 1993). However, redeterminations of the abundances, based on three-
dimensional hydrodynamical models of the solar atmosphere and taking departures from
local thermodynamical equilibrium into account, have had a major impact on the in-
ferred abundances; in particular, the abundances of oxygen, carbon and nitrogen were
substantially reduced (e.g., Asplund et al. 2004) (for a review, see also Asplund 2005).
This resulted in Zs/Xs = 0.0165; as discussed below, this has had drastic consequences
for the comparison between solar models and the helioseismically inferred structure.
For the present discussion the solar age is of course of central importance. This can
be inferred from radioactive dating of material from the early solar system, as repre-
sented by suitable meteorites. In a detailed discussion presented in the appendix to
Bahcall & Pinsonneault (1995), G. J. Wasserburg concluded that the age of the Sun, since
the beginning of its main-sequence evolution, is between 4.563× 109 and 4.576× 109 yr.
The rounded value of 4.6× 109 yr is often used, including for the reference Model S.
It is evident that computed solar models should match the observed quantities, at
the age of the Sun. Models are typically computed without mass loss (see, however,
Sackmann & Boothroyd 2003) and hence with the present mass of the Sun. A model
with the correct radius, luminosity and Zs/Xs is obtained by adjusting three param-
eters that are a priori unknown: a parameter, such as the mixing-length parameter
αML, † characterizing the properties of convection which largely determines the radius,
the initial helium abundance Y0 which mainly determines the luminosity, and the initial
heavy-element abundance Z0 which determines Zs/Xs. This calibration provides a precise
(although not necessarily accurate) determination of the initial solar helium abundance,
† i.e., the ratio of the mixing length to the pressure scale height in the mixing-length descrip-
tion of convection (e.g., Bo¨hm-Vitense 1958; Gough & Weiss 1976)
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of importance to studies of galactic chemical evolution. Also, the resulting value of αML is
often used for computations of other stellar models, although there is little justification
for regarding αML as being independent of stellar parameters. More significantly, the
calibration of the properties of the solar convection zone can be used as a test of hydro-
dynamical simulations of convection (e.g., Demarque et al. 1999; Rosenthal et al. 1999),
these may then be used to calibrate the dependence of convection-zone properties, e.g.,
characterized by αLM, on stellar parameters (Ludwig et al. 1997, 1999; Trampedach et al.
1999).
An important solar observable is the neutrino flux. The discrepancy between the pre-
dicted and detected flux of electron neutrinos was long regarded as a potential problem of
solar modelling, although even early helioseismic results strongly indicated that changes
to the models designed to eliminate the discrepancy were inconsistent with the observed
oscillation frequencies (e.g., Elsworth et al. 1990). However, it is now realized that the
apparent discrepancy was caused by oscillations between different states of the neutrino;
with the recent detection of neutrinos of other flavours the total observed flux of neutri-
nos agrees with predictions (Ahmad et al. 2002). Thus the emphasis in the study of solar
neutrinos has shifted towards the investigation of the detailed properties of the neutrino
oscillations (for recent reviews, see Bahcall et al. 2004; Robertson 2006; Haxton et al.
2006; Haxton 2008). Interestingly, the computed neutrino flux is not significantly af-
fected by the recent revision in the solar composition (e.g. Bahcall & Serenelli 2005).
3. Helioseismic results on the solar interior
Very extensive data on solar oscillations have been obtained in last two decades (for a
review, see Christensen-Dalsgaard 2002). Unlike any other pulsating star the availability
of observations with high spatial resolution has provided accurate frequencies for modes
over a broad range of spherical-harmonic degrees l, from 0 to more than 1000 (see also
Lebreton & Montalba´n, these proceedings, for an overview of the properties of stellar
oscillations). Most of the observed modes are acoustic modes; these are essentially trapped
between the solar surface and an inner turning point at a distance rt from the centre
given by c(rt)/rt = ω/
√
l(l+ 1), where c is the adiabatic sound speed and ω is the
angular frequency of the mode. Thus the broad range of l corresponds to a range of inner
turning points varying from the centre to just beneath the solar surface. This availability
of modes sensitive to very different parts of the Sun is essentially what allows inverse
analyses to resolve the structure and rotation of the solar interior.
In the analysis of solar and solar-like pulsations an important issue is the effect of the
near-surface layers: modelling of the structure of these layers and of their effect on the
oscillation frequencies is highly uncertain, leading to systematic errors in the computed
frequencies, which in many cases dominate the differences between observed and com-
puted solar frequencies (e.g., Christensen-Dalsgaard et al. 1988). These errors depend
essentially only on frequency (apart from a trivial dependence on the mode inertia) and
furthermore are small at low frequency (e.g., Christensen-Dalsgaard & Thompson 1997).
This allows their effect to be eliminated in the analysis of solar data but they should be
kept in mind also in asteroseismic analyses (Kjeldsen et al. 2008a).
To illustrate the inference of solar structure, Fig. 1 shows the inferred difference in
squared sound speed between the Sun and two solar models. One is what might be termed
a ‘standard’ model, computed with the Grevesse & Noels (1993) composition. Here the
relative differences are below 0.5%; although this is far more than the very small estimated
errors in the difference it still indicates that the model provides a good representation
of the solar interior. Also shown are the results for a corresponding model computed
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with the revised (Asplund 2005) composition. It is evident that this leads to a dramatic
deterioration in the agreement between the model and the Sun (see also Basu & Antia
2008, for a review). Similar discrepancies are found for other helioseismically inferred
quantities, such as the depth of the convection zone and the envelope helium abundance.
Of particular relevance to the present discussion is the inconsistency found in a detailed
analysis by Chaplin et al. (2007) in the small frequency separation δνl l+2(n) = νnl −
νn−1 l+2, νnl being the cyclic frequency of a mode of degree l and radial order n; as
discussed by Lebreton & Montalba´n (this volume) this is a measure of stellar age. I
return to the consequences of this below.
These discrepancies clearly indicate potential problems with solar modelling, if the
revision of the solar abundances is accepted. Guzik (2006, 2008) reviewed the attempts
to modify the model calculation to restore the agreement with helioseismology which
so far have not led to any entirely satisfactory solution. A trivial modification is to
postulate intrinsic errors in the opacity tables which compensate for the composition
change (Bahcall et al. 2005; Christensen-Dalsgaard et al. 2009); however, as discussed in
the latter reference the required change is as high as 30% at the base of the convection
zone, at a temperature of 2×106K, which may be unrealistic. A resolution of these issues
is evidently of general importance to stellar modelling and hence to the determination
of stellar ages from evolution calculations.
I finally recall that helioseismology has yielded detailed inferences of the solar internal
rotation (see Thompson et al. 2003, for a review). This shows that the convection zone
approximately shares the surface latitudinal differential rotation, while the radiative in-
terior rotates at a nearly constant rate, somewhat smaller than the surface equatorial
rotation rate. This is obviously relevant to the modelling of the, so far incompletely un-
derstood, evolution of stellar rotation and hence to the use of gyrochronology for stellar
age determinations (Barnes 2007, Meibom, this volume).
Figure 1. Inferred relative differences in squared sound speed, in the sense (Sun) – (model),
from inversion of frequency differences between the Sun and two solar models. The open circles
used Model S of Christensen-Dalsgaard et al. (1996), based on the Grevesse & Noels (1993)
composition, while the filled circles are for a corresponding model but using the revised solar
composition (Asplund 2005). The horizontal bars provide a measure of the resolution of the
inversion. The standard error in the inferred differences are generally smaller than the size of
the symbols. (From Christensen-Dalsgaard et al. 2009).
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4. Asteroseismic age determination
As discussed by Lebreton & Montalba´n (this volume), asteroseismology† provides sen-
sitive diagnostics of stellar ages. The change in the internal structure of a star with
evolution directly affects the oscillation frequencies, and hence the observed frequencies,
when suitably analyzed, can be used to determine the age. Also, the computation of the
relevant aspects of the frequencies from a given model structure is relatively insensitive
to systematic errors; on the other hand, the dependence of the structure on age is clearly
affected by uncertainties in the modelling.
Here I concentrate on acoustic modes in solar-like stars; these are typically of high
radial order and hence their diagnostic potential can be investigated on the basis of
asymptotic theory. The low-degree modes that are relevant to observations of distant stars
penetrate to the core of the star; hence their frequencies are sensitive to the sound speed
in the core and consequently to the composition change resulting from evolution. In the
ideal-gas approximation c2 ∝ T/µ, where T is temperature and µ is the mean molecular
weight. Both increase as a result of evolution; however, since the temperature is strongly
constrained by the high temperature sensitivity of the nuclear burning rates, the change
in µ dominates, leading to a decrease in the sound speed in the core. This is illustrated in
Fig. 2 for the evolution of a 1M⊙ star. The decrease in c affects most strongly the modes
of the lowest degree which penetrate most deeply; consequently, the small frequency
separations δν02 and δν13 decrease with increasing age. To characterize a star based
on high-order acoustic-mode frequencies one can in addition use the large frequency
separation ∆νnl = νnl − νn−1 l which essentially provides a measure of the mean density
of the star. Thus the position of the star in a (〈∆ν〉, 〈δν〉) diagram, based on suitable
averages, provides an indication of the mass and age of the star (Christensen-Dalsgaard
1984, 1988; Ulrich 1986). Obviously, the calibration of the diagram depends on the physics
and other parameters, such as the composition, of the stars (Gough 1987; Monteiro et al.
† For an illuminating and entertaining discussion of the etymology of asteroseismology , see
Gough (1996).
Figure 2. The left-hand panel shows the hydrogen abundance X in the inner part of 1M⊙
models of age 0 − 10Gyr, in steps of 1Gyr. The right-hand panel shows the sound speed in
these models, with an enlargement in the insert of the behaviour in the core. Except for the
final model the central sound speed decreases with increasing age.
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2002, see also Lebreton & Montalba´n, these proceedings). These potential systematic
errors must be taken into account in the interpretation of the results.
It was noted by Roxburgh & Vorontsov (2003) that the near-surface errors, although
to a large extent canceling in the difference, has a significant effect on the small frequency
separations. They showed that this effect is suppressed by evaluating separation ratios,
such as
r02(n) =
νn0 − νn−1 2
νn1 − νn−1 1
, r13(n) =
νn1 − νn−1 3
νn+1 0 − νn0
, (4.1)
and demonstrated that these ratios are directly related to the effect of the stellar core
on the oscillation frequencies. This was further analyzed by Ot´ı Floranes et al. (2005)
who showed that, unlike δν02, r02 is essentially insensitive to structure changes near the
surface; they furthermore considered several examples of model modifications, including
changes to the stellar radius, keeping the structure of the core unchanged and found
that these did not affect the separation ratios. The use of (〈∆ν〉, 〈r02〉) diagrams to
characterize stellar properties is discussed by Lebreton & Montalba´n (this volume).
This correction for the near-surface effects assumes that they are independent of degree
and hence essentially that the underlying physical cause is spherically symmetric. In
fact, it is known from the case of the Sun that the magnetic activity causes frequency
changes that are strongly related to the distribution in latitude of the magnetic field
(e.g., Howe et al. 2002). As noted by Dziembowski & Goode (1997) the concentration
of magnetic activity towards the equator causes a frequency shift for low-degree modes,
observed with limited frequency resolution, that depends on degree and hence might
corrupt the study of the solar core based, e.g., on the small frequency separations. Such
degree-dependent frequency shifts were in fact observed by Chaplin et al. (2004) and
Toutain & Kosovichev (2005). It was argued by Dziembowski & Goode (1997) that the
effects could be eliminated in the solar case from observations of higher-degree modes;
however, it is obvious that they are a significant concern in observations of distant stars
where only low-degree data are available.
The independent radioactive age determination of the solar system provides an excel-
lent test of the use of the oscillation frequencies of low-degree acoustic modes to deter-
mine stellar ages. Gough & Novotny (1990) made a careful analysis of the sensitivity of
seismic age determinations to other aspects of the solar models. This was extended by
Gough (2001), including also a determination of Zs/Xs, from the analysis of δν02 and
δν03; the results were consistent with the meteoritic ages although with a substantial
uncertainty, owing to the strong sensitivity of the small frequency spacings to Zs/Xs.
Guenther & Demarque (1997) also estimated the solar age based on the small frequency
separations. More systematic analyses, using a χ2 fit to the observed values, fixing the
value of Zs/Xs, were carried out by Dziembowski et al. (1999) and Bonanno et al. (2002).
These analyses showed that the seismically inferred age was in good agreement with the
meteoritic age. Dziembowski et al. also found that the inferred age decreased with an
increased Zs/Xs, in accordance with the results of Gough (2001).
I have repeated this type of analysis, using the observed frequencies of Chaplin et al.
(2007), based on 4572 days of observation with the BiSON network and corrected for fre-
quency shifts caused by the solar magnetic activity. The models essentially corresponded
to Model S of Christensen-Dalsgaard et al. (1996), except that more recent OPAL opac-
ities (Iglesias & Rogers 1996) and OPAL equation of state (Rogers & Nayfonov 2002)†
† In particular, the equation of state tables included relativistic effects for the electrons;
Bonanno et al. (2002) found that these had a noticeable effect on the age fit.
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were used. The goodness of fit was determined by, for example,
χ2(δν02) =
1
N − 1
∑
n
[δν02(n)
(obs) − δν02(n)
(mod)]2
σ[δν02(n)]2
, (4.2)
where N is the number of modes included, δν02(n)
(obs) and δν02(n)
(mod) are the observed
and model values of the small separation, and σ[δν02(n)]
2 is the variance of the observed
small separation.
Preliminary results of this analysis are shown in Fig. 3. Fits have been made to both
the unscaled small separations δν02 and δν13 and the separation ratios r02 and r13. I have
computed results as functions of age, in all cases calibrating the models to the solar radius
and luminosity and a fixed value of Zs/Xs. The left-hand curves assumed Zs/Xs = 0.0245
(Grevesse & Noels 1993); here the best fits are evidently obtained close to the age interval
obtained from the meteoritic analysis, indicated by the vertical lines. Interestingly, the fit
for the separation ratios indicate a slightly lower age and, in the case of r13, a substantially
lower χ2; in general, the values of χ2 show that the models are not entirely consistent
with the observations. On the other hand, the results in the right-hand curves for the
Asplund (2005) composition, with Zs/Xs = 0.0165, are clearly entirely inconsistent with
the meteoritic age. This is in agreement with the analysis by Chaplin et al. (2007) of
the small separations, similarly showing that they are incompatible with the revised
composition. Also, the values of the minimal χ2 are much larger than for the GN93
composition. The very large minimum χ2 for r02 in this case clearly requires further
investigation. Note that the shift in the inferred age with Zs/Xs is in accordance with
the results obtained by Dziembowski et al. (1999) and Gough (2001).
As noted by Gough (2002) the systematic errors, arising from the other unknown
Figure 3. Fits of solar models, as a function of age, to the frequency separations obtained
from BiSON observations (Chaplin et al. 2007); the left-hand panel shows results for the sepa-
rations between l = 0 and 2, and the right-hand panel for separations between l = 1 and 3. The
solid curves are for δνl l+2 and the dashed curves for rl l+2. Results are shown both for mod-
els computed with the Grevesse & Noels (1993) composition (GN93) and the Asplund (2005)
composition (Asp05). The vertical dotted lines indicate the interval of solar age obtained by
Wasserburg, in Bahcall & Pinsonneault (1995).
8 Jørgen Christensen-Dalsgaard
parameters of the stars, far exceed the effects of the statistical errors in the oscillation
frequencies. To constrain these parameters on the basis of asteroseismic data he proposed
the analysis of other aspects of the frequencies, particularly the effects sharp features in
the sound speed (see also Lebreton & Montalba´n, this volume). Houdek & Gough (2007a)
made a detailed analysis of the effects of such features, which they called ‘acoustical
glitches’, in order to derive reliable diagnostics for the envelope helium abundance and
the depth of the convection zone. This was applied by Houdek & Gough (2007b) and
Houdek & Gough (2008) to the determination of the solar age, based solely on low-degree
frequencies such as might be observed in other stars; they noted that removing the effects
of the glitches from the frequencies resulted in a more robust calibration for the age. The
resulting age, calibrating the radius and luminosity to solar values but determining the
heavy-element abundance from the fit, is close to, but not entirely consistent with, the
meteoritic age; preliminary results are an age t⊙ = (4.68 ± 0.02)Gyr and an initial
heavy-element abundance Z0 = 0.0169± 0.0005.
It is evident that processes modifying the core composition have a potentially serious
effect on the age determination. This is particularly true for stars with convective cores
where the uncertain extent of convective overshoot has a large effect on the relation be-
tween age and stellar structure, as illustrated by Lebreton & Montalba´n (this volume)
in a (〈∆ν〉, 〈r02〉) diagram. To detect such effects and correct the age determinations
for them require asteroseismic analysis beyond the simple fits to the frequency sepa-
rations. It is encouraging that it appears to be possible, with sufficiently good data, to
resolve the structure of stellar cores in inverse analyses using just low-degree modes (e.g.,
Gough & Kosovichev 1993; Basu et al. 2002; Roxburgh 2002). This may allow determi-
nation of the extent of convective overshoot and other mixing processes that could affect
the age determination. Also, based on asymptotic analysis Cunha & Metcalfe (2007) de-
veloped a diagnostic tool which may be used to characterize small convective cores and
hence potentially eliminate the effects of additional mixing. A similar diagnostic was
found by Mazumdar et al. (2006) on the basis of extensive model calculations.
5. Next steps
We have yet to see the full realization of the potential for age determination based
on asteroseismology, but the observational prospects are excellent. The CoRoT mission
has yielded the first results on solar-like stars (e.g., Appourchaux et al. 2008) and much
more is expected in the next few years. The NASA Kepler mission, with planned launch
in March 2009, will yield excellent asteroseismic data for a very large number of stars
(e.g., Christensen-Dalsgaard et al. 2007; Kjeldsen et al. 2008b); an important aspect of
the asteroseismic investigation based on Kepler data, given the main goal of the mission
of characterizing extra-solar planetary systems, is to determine properties of the central
stars in such systems, in particular their radius and age. In the longer term, ground-
based projects for Doppler-velocity observations of stellar oscillations, such as the SONG
(Grundahl et al. 2008) and SIAMOIS (Mosser et al. 2008) projects, are expected to yield
exquisite data although for a smaller number of stars.
To utilize fully the data from these projects we need further development and tests of
the asteroseismic diagnostic tools, taking into account also the additional unknown prop-
erties of the stars on the one hand, and other observed properties of the stars on the other.
There is no doubt that, as in the past, asymptotic analyses will be extremely important
guides in determining the optimal combinations of frequencies; however, extensive model
calculations and analysis of artificial data, under the various relevant assumptions, will
also be crucial. This clearly needs to take into account also the detailed properties of the
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oscillations and their effect on the inferred oscillation parameters (e.g., Chaplin et al.
2008a). A central effort in this regard is the asteroFLAG project (Chaplin et al. 2008b,c)
to carry out blind tests on the analysis of artificial data, involving a substantial number
of different techniques and groups.
As a result of these efforts, both observational and theoretical, we may hope to obtain
reliable and precise age determinations for a number of stars of varying properties. These
can then be used as calibrators for other, less direct, age diagnostics and thus extend the
base for the general determination of stellar ages.
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Discussion
G. Meynet: Can you say a few words about the behavior of the angular velocity near
the center of the Sun? Is it increasing or decreasing towards the center? What are the
most recent results?
J. Christensen-Dalsgaard: The data are consistent with constant rotation in the
core. Unfortunately, improving the error bars with p-mode observations will require very
extended observations and the g-mode claims, although very interesting, are so far ten-
tative.
D. Soderblom: You mentioned that Kepler may be able to detect planets from phase
shifts of oscillation frequencies. Has that effect been seen on the Sun?
J. Christensen-Dalsgaard: I suppose that the effect of Jupiter might be visible, but
it has not been seen, or looked for, as far as I know.
S. Leggett: Can you comment further on the Asplund abundances? Have they been
revised upward?
J. Christensen-Dalsgaard:: There has been an independent analysis of a similar
nature by Caffau et al. (2008, A &A, 488, 1031); preliminary results show an oxygen
abundance halfway between the old and the Asplund values.
P. Demarque: I draw your attention to a recent detailed review of the solar abundance
problem by Basu & Antia (2008, Phys. Rep., 457, 217). There is also a poster downstairs
in which my collaborators and I point out some internal inconsistencies in the Asplund
et al. analysis. Having worked on both helioseismology and 3-D simulations, I must say
that I consider the seismic results to be more trustworthy.
